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We study the dynamics of laser-cooled two-level atoms in a time-dependent standing wave. In the absence
of spontaneous emission, our model reduces to the much studied quantum standard mapping. For a sample of
atoms initially cooled to the Doppler limit, the momentum variance increases linearly with interaction time. A
sample of atoms initially cooled to the recoil limit will display momentum diffusion at a rate that is determined
by two numbers: the classical chaos parameter and a dimensionless Planck parameter. This diffusion ceases
after the quantum-mechanical break time. Spontaneous emission will modify the diffusion rate of both
Doppler- and recoil-cooled atoms. We show that one component of the new diffusion constant is due to
spontaneous recoil and that there is a correction to the deterministic diffusion rate due to the destruction of
correlations in the stroboscopic position. Spontaneous emission will destroy the dynamic localization of atoms
cooled to the recoil limit. The new momentum diffusion constant can be related to the quasistationary state-
decoherence rate.
PACS number~s!: 42.50.Vk, 05.45.1b, 32.80.Pj, 72.15.Rn
I. INTRODUCTION
Dynamic localization is the quantum-mechanical suppres-
sion of diffusion in a system that has a chaotic classical limit.
The first experiment to observe dynamic localization in atom
optics, as far as we know, was proposed by Graham et al. @1#
in 1992. They suggested that a beam of two-level atoms be
scattered from a time-dependent standing wave. They pre-
dicted that the outgoing momentum distribution would have
a variance that was bounded in both classical and quantum
mechanics. The transverse momentum of the atomic beam
was to be cooled to the recoil limit and the phase of the
standing wave modulated with an amplitude l . For small
values of l the outgoing steady-state momentum would be
bounded by the limits of classical chaotic motion determined
by the resonance overlap condition so that the stationary mo-
mentum variance Dp`'l . For large values of l the
quantum-mechanical eigenstates would be exponentially lo-
calized and the final momentum restricted to Dp`'c/l . The
parameter c depends on the intensity of the standing wave
and a Planck parameter. This is due to dynamic localization,
the analog in momentum space of Anderson localization @2#
of the wave function of an electron in a disordered crystal.
Graham et al. predicted that a signature of dynamic localiza-
tion would be the change from linear increase to inverse
linear decrease in the steady-state momentum spread occur-
ring at lc'Ac .
The experiment was performed @3,4# using sodium and
the main features of dynamic localization were observed.
Some additional structure was observed @4# and predicted @5#
and is due to the violation of the resonance overlap condition
when l is a zero of the ordinary Bessel functions. The ex-
periment was performed under conditions where the detun-
ing is large and spontaneous emission could be neglected.
One departure from the proposal by Graham et al. was the
use of a magneto-optical trap to cool the atoms and time-of-
flight measurements used to measure the final momentum
distribution.
The effect of noise on classical diffusion and dynamic
localization has been studied extensively by a number of
people. Modifications of classical deterministic diffusion due
to noise were considered by Rechester and White @6# and
Rechester, Rosenbluth, and White @7#. Using the method of
Fourier paths, they found that noise destroyed the correlation
between successive values of the canonical position coordi-
nate. These correlations appear as oscillations in the diffu-
sion rate as a function of the chaos parameter about the
random-phase approximation. When noise is added these os-
cillations are dampened.
In the context of quantum chaos, the effect of noise on
quantum dynamics has been studied by Grobe and Haake
@8#, Dittrich and Graham @9#, Ott, Antonsen, and Hanson
@10#, Cohen and Fishman @11,12#, and Shiokawa and Hu
@13#. The effect of noise is twofold: not only does it intro-
duce an element of randomness into the dynamics, it also
destroys the coherent evolution of quantum mechanics. As a
consequence, diffusion in momentum is restored at a rate that
depends on the relative sizes of certain critical parameters.
The effect of noise due to spontaneous emission in dynamic
localization in Ref. @1# has been investigated by Dyrting and
Milburn in Ref. @14#.
The system studied in this paper is an atom subject to
periodic pulses of a laser standing wave. This pulsed inter-
action might be achieved by periodically changing the detun-
ing or laser intensity to alter the strength of the interaction
between the atom and the field. The advantage of having a
pulsed interaction is that it is theoretically easier to treat
since evolution is given by mappings rather than differential
equations. Our approach is to use Wigner’s distribution to
describe the state of the atom. This has the advantage that it
is relatively straightforward to include noise both in classical
and quantum mechanics.
The layout of this paper is as follows. In Sec. II the inter-
action between the atom and the classical field is described
in the standard master equation formalism. We show how
these operator evolution equations can be converted to the
evolution of a c-number field using Wigner’s representation
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of a quantum state. The momentum statistics for the atoms
can be expressed in terms of a weighted integral over the
Wigner function. We show that for Doppler-cooled atoms the
evolution of the atomic Wigner function is related to a clas-
sical stochastic process on a single-particle phase space. For
atoms cooled to the recoil limit we show that one must use
the full quantum-mechanical equations in order to correctly
describe the dynamics. In Sec. III we derive a generating
function for the atomic momentum statistics. The evolution
of the generating function is described using the method of
Fourier paths @6,7#. In Sec. IV we study the deterministic
heating of Doppler-cooled atoms and the modification of the
heating rate due to spontaneous emission. In Sec. V we treat
the case of atoms cooled to the recoil limit. Using the
method of Fourier paths we can calculate the rate of transient
heating and how it is modified due to spontaneous emission.
In order to predict the amount of localization we appeal to
the results of previous numerical experiments, which supply
a relationship between the localization length and the rate of
transient heating. We give a heuristic argument to show that
when spontaneous emission is included localization is de-
stroyed. The new rate of heating is related to the rate of
decoherence of the quasistationary states of the coherent
problem. We calculate this rate perturbatively. In Sec. VI we
discuss our results.
II. ATOMS IN A STANDING WAVE
A cloud of neutral atoms prepared by Doppler or recoil
cooling is sufficiently rarefied that it is possible to ignore
mutual atomic interactions and to treat the gas as a statistical
mixture of atoms each interacting independently with the
laser fields. The state is described by a density operator Rˆ
with an evolution equation identical to the single-particle
equation. Each atom is characterized by an internal state ui&
and the state of its center-of-mass variables up1&. The index
i labels the internal energy levels of the atom and p1 repre-
sents its momentum along the axis defined by the laser stand-
ing wave. When the temperature of an atomic sample is mea-
sured one commonly tries to determine the variance in
momentum and is not concerned with the internal states. In
this case the center-of-mass statistics are determined by the
reduced density operator
rˆ5(
i
r i , ~2.1!
where rˆ i5^iuRˆ ui& and the sum is taken over the internal
energy levels. By definition the operators rˆ i can only act on
center-of-mass states. The momentum variance of the atom
gas is then calculated using the expression
Dp1
25Tr~ pˆ1
2rˆ !. ~2.2!
In this expression Tr denotes a trace taken over the center-
of-mass states. In general, we should also take into account
the change in the mean momentum of the atomic gas, but in
this paper the interactions we consider will be symmetric
with respect to p1 and it will be assumed that the atoms are
prepared in a state that is symmetric with respect to momen-
tum. Therefore the mean momentum will always be zero.
The calculation of center-of-mass statistics relies only on
knowing the diagonal operators rˆ i of the full density opera-
tor Rˆ , but more information must be specified to describe the
dynamics of the atomic gas. In general, the evolution equa-
tion for rˆ i couples it to the off-diagonal operators
rˆ i j5^iuRˆ u j& for iÞ j . From now on it is assumed that the
internal state of the atoms can be approximated by the pair of
energy levels i5a and b , where ua& denotes the ground state
and ub& the excited state. By convention the energy of these
states is measured with respect to the coordinate frame rotat-
ing at the laser frequency vL . If v0 is the atomic transition
frequency then states ua& and ub& have energies 2\D/2 and
\D/2, respectively. The frequency D5vL2v0 is the detun-
ing of the laser from the atomic transition. Using the dipole
approximation @15#, coherent coupling between the center-
of-mass and the internal states is through the position-
dependent Rabi frequency V( xˆ1)5dE( xˆ1)/\ , where d is
the dipole matrix element for the internal states and E is the
classical electric-field vector at position x1 .
There is also an incoherent coupling of the atom to the
vacuum-field modes at a rate determined by the natural line-
width of the transition g . The effect of spontaneous emission
is twofold: the atom makes a transition from its internal ex-
cited state to the ground state and the emitted photon
changes its center-of-mass momentum along the laser axis by
an amount \kn1 . Here n1 is determined by the direction of
the emitted photon n. The direction of the emitted photon
n is random and has the distribution function @16#
f~n!5
3
8p S 12 ~dn!
2
dd D ~2.3!
and n1 is the component of n along the laser axis. To mini-
mize these random perturbations to atomic motion the atom-
light interaction is normally operated in the large detuning
limit D@V(x),g .
In the large detuning limit the atom-optical equations sim-
plify considerably, the evolution of the population operators
rˆa and rˆb being decoupled from the atomic coherence op-
erators. Here only the case of broad atomic lines is consid-
ered g@uVu2/D ,p2/2\m . In this case the excited-state den-
sity operator is small and adiabatically follows the ground
state
rˆb'
1
D2unu2
V~ xˆ !rˆa@V~ xˆ !#
†
. ~2.4!
If this assumption is valid then the evolution of the ground-
state operator is decoupled from the excited state. The
center-of-mass density operator projected onto the laser axis
then satisfies the master equation
d rˆ
dt 52
i
\ F pˆ1
2
2m1
\uV~ xˆ1!u2
Dunu2
, rˆG
1
g
D2unu2
N V~ xˆ1!rˆ@V~ xˆ1!#†
2
g
2D2unu2 $@V~ xˆ1!#
†V~ xˆ1!, rˆ%. ~2.5!
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In this expression the excited-state population has been ne-
glected when compared to the ground state, m is the mass of
a single atom, n512ig/2D , and $,% denotes the anti-
commutator. The superoperator N describes the effect of
spontaneous recoil on the momentum of the atom
N rˆ5E dnf~n!exp~ ikn1xˆ !rˆexp~2ikn1xˆ !. ~2.6!
Here the integral is taken over the unit sphere n251. Let the
interaction be periodically varied so that for times t5nT1 to
nT11T2 , n50,1,2, . . . , the atom interacts with the stand-
ing wave and for other times the motion is effectively free. If
we assume that for the duration of the interaction with the
electric field the distance moved by an atom is small com-
pared to the optical wavelength, then the Rabi frequency can
be modeled by a train of d functions
V~ xˆ !5
V
2AT2(n d~t2nT1!sin~kxˆ !, ~2.7!
where k is the wave number of the standing wave. The stro-
boscopic evolution of the density operator is then
rˆn115exp~2pL1!exp~L2!exp~L3!rˆn , ~2.8!
where the superoperators L1 ,L2 , and L3 have the follow-
ing action on the density operator:
L1rˆ52
i
k– F pˆ
2
2 , rˆ G , ~2.9!
L2rˆ52
i
k–
@2Ksin2~ qˆ/2!, rˆ # , ~2.10!
L3rˆ52
h
2 $sin
2~ qˆ/2!, rˆ%1hN sin~ qˆ/2!rˆsin~ qˆ/2!.
~2.11!
The superoperator L1 generates free evolution and L2
and L3 generates the Raman-Nath evolution @17#. These
expression have been written in terms of the dimensionless
variables k–54\k2/mw, K5T2\k2uVu2/2mvDunu2, h
5gT2uVu2/4D2unu2, q52kx , and p52kp1 /mv . The fre-
quency v52p/T1 has been used to scale time. The opera-
tors qˆ and pˆ satisfy the commutation relation @ qˆ , pˆ#5i k– ,
hence k– is a dimensionless Planck parameter. In Ref. @3#
sodium atoms were used to observe localization and the ex-
perimental parameters were D/2p55.4 GHz, v/2p
51.3 GHz, l5589 nm, and V2/2pD522 MHz. This
gives a value k–50.16 to the dimensionless Planck param-
eter. Equation ~2.8! can be converted to an equation for a
c-number function on phase space using Wigner’s represen-
tation @18#
W~q ,p !5
1
2p k– E2`
`
exp~ iyq/ k– !^p1y /2urˆup2y /2&dy .
~2.12!
The distributions Q(q) and P(p) for the position and mo-
mentum can be found by integrating over the conjugate vari-
able. Thus
Q~q !5E dpW~q ,p !, ~2.13!
P~p !5E dqW~q ,p !. ~2.14!
The variance sp of the function P(p) describes how cold the
atomic gas is. The integral of Wigner’s function over the
single-particle phase space is equal to unity, but depending
on the state of the atomic cloud it may be negative in some
region. Hence W(q ,p) is said to be a quasiprobability distri-
bution. As yet no atomic gas has been observed in a quantum
state and so for simplicity it is assumed that after its initial
period of cooling it is in a classical state and W(q ,p) is
non-negative. It is also assumed that the position and mo-
mentum statistics are decorrelated and that the initial state of
the atomic gas can be written
W0~q ,p !5Q0~q !P0~p !, ~2.15!
where Q0(q) and P0(p) are the initial position and momen-
tum distributions. The spatial distribution of the cooled at-
oms is described by the function Q0(q), which we assume to
be periodic within a region qP@22pL ,2pL# , L@1, and to
rapidly vanish outside. The initial positions are assumed to
be uniformly distributed so that Q0(q)'1/2p(2L11). It
will be assumed that the momentum distribution of the
atomic cloud is approximately Gaussian
P0~p !5
1
Apsp
exp~2p2/2sp!. ~2.16!
The size of the initial variance sp depends on the type of
cooling scheme used. In this paper we consider the two cases
of atoms initially cooled to the Doppler and recoil limits. For
these two cooling schemes
sp5H k–G/2, Doppler cooling
k– 2, recoil cooling,
~2.17!
where G5g/v . Because the dimensionless atomic linewidth
is much larger than the Planck parameter G@ k– , the momen-
tum variance for Doppler-cooled atoms satisfies Asp@ k– .
For atoms cooled to the recoil limit Asp' k– .
The form of the Wigner function evolution depends on
how well the initial cloud of atoms is cooled. For Doppler-
cooled atoms it is possible to make a semiclassical approxi-
mation @16# that takes advantage of the slow variation of the
Wigner function over momentum increments of the order
k– . For atoms cooled to the recoil limit the full quantum-
mechanical propagator must be used. Let Wn(q ,p) denote
the Wigner function at time t5nT1; then it is related to
Wn21(q ,p) by the integral equation
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Wn~q ,p !5E dq¯ dp¯ G f~q2q¯ ,p !Gk~q¯ ,p2p¯ !Wn21~q¯ ,p¯ !.
~2.18!
The Green’s function for the free motion of the atoms is
given by Gf(q ,p)5d(q12pp). The Green’s function for
motion during a laser pulse has the integral representation
Gk~q ,p !5
1
2pE2`
`
dxexp@ im~q ,x !2ipx# . ~2.19!
The function m(q ,x) depends on the cooling scheme used to
prepare the atoms
m~q ,x !55
Kxsinq1~ ih k– 2x2/8!@cos2~q/2!1asin2~q/2!# , Doppler cooling
K
k–
@cos~q2 k– x/2!2cos~q1 k– x/2!#
2ihx~ k– x !sin~q/22 k– x/4!sin~q/21 k– x/4!
1~ ih/2!@sin2~q/22 k– x/4!1sin2~q/21 k– x/4!# , recoil cooling.
~2.20!
The number a and the function x are determined by the
spatial characteristics of the light radiated by the atom
a5
2
5 S 12 cos
2u
2 D , ~2.21!
x~2u !5
3
2 F sin2u sinuu 2~123cos2u!S sin
2u
u3
2
cosu
u2
D G .
~2.22!
Here u is the angle between the axis defined by the standing
wave and the dipole moment of the atom. All information on
propagation is contained in the function m(q ,u) and its
analysis will occupy us for the rest of this paper. Once the
Wigner function is known the momentum variance can be
found using the expression
sp~n !5E p2Wn~q ,p !dqdp , ~2.23!
which follows from Eq. ~2.14!.
The expression for m(q ,x) used in Doppler-cooled atoms
was derived from a semiclassical approximation to the
Wigner function dynamics @16#. During the free motion of
the atom the Wigner function satisfies
]W
]t
52p
]W
]q ~2.24!
and during the interaction with the laser field it satisfies
]W
]t
5Ksin~q !
]W
]p 1
h k– 2
8 @cos
2~q/2!1asin2~q/2!#
]2W
]p2 .
~2.25!
These are Fokker-Planck equations for the probability distri-
bution of a classical random process @q(t),p(t)# . The
Langevin equation relating (qn ,pn) to (qn21 ,pn21) can be
written down as a stochastic difference equation
pn5pn211Ksinqn211
k–
2
Ah@cos2~q/2!1asin2~q/2!#jn ,
~2.26!
qn5qn2112ppn , ~2.27!
where jn is a Gaussian random variable with the probability
distribution
p~j!5
1
A2p
expS 2 j22 D . ~2.28!
When h50 Eqs. ~2.26! and ~2.27! correspond to the classi-
cal standard mapping @19#. When hÞ0 noise is added to the
standard map. The effect of noise on the classical standard
mapping was first calculated by Rechester and White @6# and
Rechester, Rosenbluth, and White @7#. The model of atomic
motion we consider differs from theirs in two important re-
spects. First, in their model noise was added to the position,
while in our model spontaneous emission adds noise to the
atomic momentum. Second, the process we consider is non-
linear in that the effect of the noise depends on the position
of the atom. This reflects the spatial dependence of the me-
chanical interaction between the atom and the laser field.
A full description of the standard mapping phase space
can be found in @19#. For any value of K.0 there will exist
stochastic trajectories that form around the separatrices join-
ing unstable fixed points. For small K the relative width in
momentum of these stochastic layers scales like K1/2. These
stochastic trajectories are bounded by Kol’mogarov-Arnol’d-
Moser ~KAM! curves, which confine them to narrow layers
about the separatrices @Figs. 1~a! and 1~b!#. These trajectories
will prevent any deterministic diffusion in momentum. In
this case the classical phase space is said to exhibit local
chaos @19#. When the last of the KAM curves bounding the
separatrix motion is destroyed @Fig. 1~c!# stochastic trajecto-
ries can now explore large portions of phase space and then
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phase space is said to exhibit global chaos. The best theoreti-
cal estimate for the transition to global chaos is
Kc'0.9716/2p . For K.Kc @Fig. 1~d!# the phase space is
dominated by stochastic trajectories with small windows of
stability appearing around some of the fixed points.
III. THE METHOD OF FOURIER PATHS
The momentum statistics of the atomic gas can be recov-
ered in a compact way using a characteristic function @20# for
the Wigner representation. Rechester, White, and Rosenbluth
have developed a way of estimating the dynamics of the
momentum statistics by expressing the characteristic func-
tion as a weighted sum over paths in the Fourier domain.
Their technique is known as the method of Fourier paths
@6,7,19# and was applied by them to calculate momentum
diffusion in classical kicked systems. In this section their
method will be generalized to include kicked quantum-
mechanical systems with position-dependent noise.
The effects arising from the finite size of the cloud are
expected to have a small influence on the momentum statis-
tics, and for the purpose of calculating the momentum vari-
ance we consider the limit L!` . The Wigner function is
then fully determined by the characteristic function
an~m ,x !5
1
2pE2`
`
dpE
0
2p
dqexp~2imq2ixp !wn~q ,p !,
~3.1!
where wn(q ,p)52p(2L11)Wn(q ,p). In particular the mo-
mentum variance of the atoms is recovered from the charac-
teristic function using the expression
sp~n !522p
]2an~0,x !
]x2
U
x50
. ~3.2!
Our aim in this section is to estimate an(m ,x) as a function
of n , m , and x . Equation ~3.2! shows that the diffusion rate
depends only on the local properties of an(m ,x) about the
points m50 and x'0. The integral equation ~2.18! can be
iterated to yield an expression for an(m ,x) in terms of the
a0(m0 ,x0)
FIG. 1. Classical phase portrait of the standard mapping: ~a! K50.1/2p and the phase space is dominated by regular trajectories. ~b!
K50.75/2p and the phase space displays local chaos: stochastic trajectories are confined to layers about the separatrices of the resonances.
~c! K50.98/2p and the last KAM curve has just been destroyed and stochastic trajectories are no longer confined to resonance layers. ~d!
K54.5/2p and the phase space displays global chaos and is dominated by stochastic trajectories.
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an~m ,x !5 (
~m0 ,x0!
G n~m ,xum0 ,x0!a0~m0 ,x0!. ~3.3!
The initial characteristic function can be calculated from Eq.
~2.16!. For a cloud of atoms with a uniform distribution in
position a0(m0 ,x0)5dm0,0exp(2spx0
2/2). The function
G (m ,xum0 ,x0) plays the role of a propagator for the atomic
characteristic function and it can be expressed as a sum over
paths in Fourier space starting at the point (m0 ,x0) and end-
ing at the point (m ,x). In this space m and x are momen-
tumlike and positionlike variables. At times
t5T1i ,i51, . . . ,n , the ‘‘momentum’’ of the ‘‘particle’’
changes by an amount Dmi and between these times it
propagates freely. Thus the stroboscopic trajectory is
mi5mi211Dmi , ~3.4!
xi5xi2112pmi . ~3.5!
For each choice of Dmi there is an amplitude KDmi(xi21)
and the propagator is constructed by multiplying amplitudes
along a path and then summing over the allowed paths,
G n~m ,xum0 ,x0!5(
Dmi
)
i51
n
KDmi~xi21!, ~3.6!
where (mn ,xn)5(m ,x). The amplitudesKDmi(xi21) are re-
lated to the function m(q ,x) by the Fourier integral
KDmi~xi21!5
1
2pE0
2p
dqexp@ im~q ,xi21!2iDmiq#
~3.7!
and describe both the coherent and incoherent evolution of
each atom. The method of Fourier paths attempts to estimate
the value of sp(n) for large n . In this paper the diffusion
constant D` will be found from the asymptotic relationship
sp~n !;nD` ,n!` . ~3.8!
We are interested in the form of the propagator under the
conditions K!Kc and K@Kc . For small K the classical
standard mapping is regular. The momentum of Doppler-
cooled atoms is bounded by KAM curves and as a result the
diffusion constant is identically equal to zero. When sponta-
neous emission is introduced heating becomes possible and
proceeds through spontaneous and induced diffusion and the
interaction of these two processes with the Hamiltonian dy-
namics. For K@Kc the classical model is globally chaotic
and even in the absence of spontaneous emission Doppler-
cooled atoms display heating. The effect of spontaneous
emission is to destroy the correlations in atomic momentum
and position. The destruction of classical correlations in the
atomic position tends to reduce deviations from the quasilin-
ear approximation @7#. For systems used for current tests of
quantum chaos @3,4# cooling the dimensionless parameter
k– is less than 2 and this is the range that will be discussed in
this paper. In particular the correction to quantum anomalous
diffusion (k52m ,m51,2, . . . ) will not be calculated. For
large values of K the expression for KDmi(xi21) given by
Eqs. ~3.7! and ~2.20! involves the integral of a rapidly oscil-
lating function and in this case the main contribution to the
propagator arises from the stationary phase path. The effect
of spontaneous emission will be treated perturbatively. This
is done by finding the paths that contribute to the coherent
propagator and using these paths to estimate the incoherent
propagator.
IV. DOPPLER-COOLED ATOMS
For Doppler-cooled atoms with momentum variance
sp' k–G@1 the Fourier paths that contribute to the evolution
of the characteristic function must start from
(x0 ,m0)'(0,0) and end at (x ,m)'(0,0). The pulse ampli-
tude K and the stimulated absorption rate h are related by
k– 2h/85eK , where e5 k– Im(n)/2 is a small parameter.
Therefore, in the regime K!Kc the incoherent dynamics
must also be treated perturbatively. Using this, it can be
shown that the amplitudes for Doppler-cooled atoms have
the asymptotic behavior KDm(x);K uDmu as K!0. The
dominant contribution to the characteristic function is due to
trajectories with Dmi50,61. The path with Dmi50 is
called the quasilinear or random-phase approximation. It
contributes a term Dql1Dsp , where
Dql5pK2, ~4.1!
Dsp5
p k– 2h
4 ~11a!. ~4.2!
The diffusion Dql is purely deterministic and is called the
quasilinear approximation. The second term Dsp is a combi-
nation of the induced and spontaneous diffusion rates aver-
aged over an optical wavelength @21#. Rechester, Rosenbluth,
and White @7# have shown that the paths other than
Dmi50 that contribute to the characteristic function are
given by Fig. 2. In this diagram arrows indicate the direction
in which the path is traversed and the crosses denote points
in Fourier space where the path can remain for an arbitrary
number of steps. Such paths give rise to terms that depend on
the number of half-circles about the origin the path de-
scribes. Summing over paths of this type the correction to the
quasilinear approximation is
FIG. 2. Paths contributing to momentum diffusion in the regime
K!Kc .
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D`2Dsp
Dql
'S 12 @K21~2p!#212K 0~2p! D S 11 @K21~2p!#
2
12K 0~2p!
D 21.
~4.3!
In the absence of spontaneous emission (h50), Dsp50 and
@K21~2p!#2
12K 0~2p!
'1. ~4.4!
In this case there is no heating of the atomic gas. This is
reflected in Fig. 3, where the diffusion rate is graphed as a
function of the parameter K . In this case diffusion is only
possible when noise is added to the kicked rotor.
To find out the paths that contribute to the coherent propa-
gator for the case K@Kc we use the following exact expres-
sion for the amplitude when h50:
KDmi~xi21!5J2Dmi~Kxi21!, ~4.5!
where Jl(z) is the ordinary Bessel function of the first kind
of order l , and we follow the reasoning of Rechester and
White @6#. One of the properties of the Bessel function is the
exponential decay in l for ulu.uzu. This restricts the domi-
nant trajectories to uDmiu,uKxi21u. Rechester and White
noticed that all of these amplitudes are of order 1/AK as
K!1` , unless mi50, and xi21'0, in which case the am-
plitude was order one. Therefore the path that dominates the
propagator is Dmi50. Each excursion from the quasilinear
path will decrease the total amplitude by a factor of order
1/AK . Corrections to the random-phase approximation were
found by including contributions from the three-, four-, and
five-step excursions, which are shown in Fig. 4. Substituting
for the propagator into Eq. ~3.3! and evaluating Eq. ~3.2! and
including corrections up to the five-step excursion, it is
found that the momentum variance increases linearly with
interaction time,
D`2Dsp
Dql
5122K22~2p!22@K21~2p!#2
12@K22~2p!#212@K23~2p!#2. ~4.6!
This expression includes deterministic diffusion and diffu-
sion due to the interaction of the atoms with the electromag-
netic modes of the vacuum. In the limit h!0 it reduces to
the standard expression found in @6#. The position depen-
dence of the spontaneous emission is contained within the
functions K21 ,K22 , and K23 . In Fig. 5 we see that the
effect of spontaneous emission is to decrease the deviations
from the quasilinear approximation and that the effect of
spontaneous emission will increase with K .
V. RECOIL-COOLED ATOMS
In the limit K!Kc the Fourier paths that contribute to the
propagator for recoil-cooled atoms are the same as for
Doppler-cooled atoms. The diffusion is therefore given by
Eq. ~4.3! with the amplitude K changed to include the full
quantum-mechanical evolution. The diffusion rate is graphed
in Fig. 6 for k–50.16. This follows from the inequality
u2Ksin(k–x/2)/ k– u<uKxu. For atoms cooled to the recoil limit
with momentum variance sp' k– 2 the Fourier paths that con-
tribute to the evolution of the characteristic function can start
from m0'0 and ux0u,1/Asp and end at (x ,m)'(0,0). To
find out the paths that contribute to the coherent propagator
we use the following exact expression for the amplitude:
KDmi~xi!5J2DmiS 2Kk– sin~ k– xi21/2!D . ~5.1!
Now the dominant trajectories are confined to
uDmiu,u(2K/ k– )sin(k–x/2)u. All of these amplitudes are of
order Ak– /2K as K!1` unless mi50 and sin(k–xi21/2)
'0, in which case it is of order 1. As for Doppler-cooled
atoms there is only one path with an amplitude that does not
vanish as K!1` and it corresponds to choosing Dmi50.
Therefore, provided that time is small enough so that no
paths can reach (m ,x)5(0,0) from (m0 ,x0)5(0,mp/ k– ), m
an integer, atoms cooled down to the recoil limit should still
exhibit diffusion given by Eqs. ~4.3! and ~4.6! with the am-
plitude KDm replaced by the amplitude for atoms cooled to
the recoil limit. Note that unlike Doppler-cooled atoms, at-
oms cooled to the recoil limit diffuse at a rate that also de-
pends on k– .
From numerical studies @22,23# it has been found that this
kind of diffusion does not persist past a certain time
t5T1n*. If k–'1 then it is expected that n*'1 because
even a single excursion from the quasilinear path is enough
to differentiate Kx from 2Ksin(k–x/2)/ k– . For the case
sp5 k– 2,h50, and k–!1 the quantum-mechanical break time
n* has been related to the exponential decay rate k– l rate of
the quasieigenstates in the momentum representation @24#. In
this case diffusion ceases altogether and the momentum vari-
ance saturates at sp(n)' k– 2l2/2. A heuristic argument has
been given by Chirikov et al. @22#, which relates the break
time and localization length to the quantum diffusion rate
FIG. 3. Diffusion in the regular region for Doppler cooled at-
oms: ~a! Im(n)50.0, ~b! Im(n)50.0001, ~c! Im(n)50.001, and
~d! Im(n)50.01.
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n*5l'
D
2k2 . ~5.2!
D is the initial quantum diffusion rate when n,n* and
h50. The cessation of diffusion indicates that trajectories
other than Dmi50 are contributing significantly to the
propagator. When noise is included diffusion is restored, but
at a new rate related to the destruction of coherences between
the eigenstates of the system when h50. For weak noise the
destruction of coherences can be treated perturbatively and a
heuristic argument @25# gives the estimate
D`'2pL@ k– 2l21 k– 2~11a!/4# , ~5.3!
where L is the rate of coherence decay between typical
eigenstates of the coherent dynamics. For small h , L can be
FIG. 4. Paths contributing to momentum diffusion in the regime K@Kc : ~a! the quasilinear path, ~b! three-step excursions, ~c! four-step
excursions, ~d! and ~e! two five-step excursions.
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calculated using perturbation theory. When h50 the station-
ary states of the evolution equation ~2.8! are the dyadic op-
erators uem ,p ,en ,p8&5uem ,p&^en ,p8u, where uem ,p& are
eigenstates of the Floquet operator
Fˆ5exp~2ip pˆ2/ k– !exp~2iKcosqˆ/ k– !, ~5.4!
Fˆ uem ,p&5exp@2iem~p !/ k– #uem ,p&. ~5.5!
The function em(p) is called the quasienergy and from Eq.
~5.5! we see that it is only defined modulo k– . The subscript
m labels the quasienergy bands. The Floquet operator com-
mutes with the generator of 2p translations in position
Sˆ 2p5exp(2pipˆ/k–). The states uem ,p& can therefore be cho-
sen to be eigenstates of Sˆ 2p with a quasimomentum p:
Sˆ 2puem ,p&5exp~2pip/ k– !uem ,p&. ~5.6!
To make the quasimomentum unique it is restricted to the
first Brillouin zone pP@2 k– /2, k– /2). The quasienergy states
are not known explicitly but can be approximated in the
momentum representation by @26#
uem ,p&'N1/2 (
n52`
`
expS 2 un2nmul 1ifm~n ,p ! D up1n k– & ,
~5.7!
where the phase fm(n ,p) is a random function of n , l is the
localization length, N is a normalization constant, and nm is
the center of localization in the momentum representation.
The vector uem ,p ,en ,p8& has the eigenvalue
exp$2i@em(p)2en(p8)]/ k– %. All of the eigenvalues lie on the
unit circle in the complex plane and the vectors
$uem ,p ,em ,p&% span a subspace of vectors with eigenvalues
equal to one. Following Haake @25#, to estimate coherence
decay we use perturbation theory to find the change in the
nondegenerate eigenvalues of the density operator dynamics
to first order in h . The perturbed eigenvalue is
lmn5exp$2i@em~p !2en~p8!#/ k– %@12Lmn#
'exp$2i@em~p !2en~p8!#/ k–2Lmn~p ,p8!%, ~5.8!
where the real damping constant is
Lmn~p ,p8!52Tr$~ uem ,p&^en ,p8u!†L3uem ,p&^en ,p8u%.
~5.9!
To treat the continuum of quasimomenta we impose bound-
aries at q52L/2 and L/2 and take the limit L!1` after all
expressions have been evaluated. The normalization constant
is then N5tanh(1/l) and the normalized momentum states in
the position representation are
^qup&5A1Lexp~ ipq/ k– !. ~5.10!
The damping rate is
FIG. 7. Diffusion of recoil-cooled atoms in the chaotic region,
Im(n)50.000 01.
FIG. 5. Diffusion of Doppler-cooled atoms in the chaotic region:
solid line, Im(n)50.01; dot-dashed line, Im(n)50.0.
FIG. 6. Diffusion of recoil-cooled atoms in the regular region:
~a! Im(n)50.0, ~b! Im(n)50.0001, ~c! Im(n)50.001, and ~d! Im
(n)50.01.
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Lmn~p ,p8!5
h
2 ^em ,pusin
2~ qˆ/2!uem ,p&
1
h
2 ^en ,p8usin
2~ qˆ/2!uen ,p8&2hE dnf~n!
3^em ,puexp~ in1qˆ/2!sin~ qˆ/2!uem ,p&
3^en ,p8uexp~2in1qˆ/2!sin~ qˆ/2!uen ,p8&.
~5.11!
Evaluating the terms in Eq. ~5.11! using the estimate of the
Floquet eigenstates Eq. ~5.7! and taking the limit L!1`
the coherence decay rate becomes
Lmn~p ,p8!'
h
2 2
h
4 N (n52`
`
expS 2un2nmul
2
un112nmu
l D cos@fm~n ,p !2fm~n11,p !#
2
h
4 N (n52`
`
expS 2un2nnul
2
un112nnu
l D cos@fn~n ,p8!2fn~n11,p8!# .
~5.12!
Assuming that the phase fm(n ,p) varies in a random manner
with n , the coherence decay rate is approximately L'h/2.
Therefore the diffusion rate induced by the incoherent tran-
sitions between Floquet states is
D`2Dsp
D '
pIm~n!
k– 3
KD . ~5.13!
The quantum diffusion rate is graphed as a function of K in
Fig. 7 with k50.16. The relative diffusion rate increases
with K , but there are oscillations due to the Bessel function
behavior of the classical diffusion rate.
VI. DISCUSSION
In this paper the method of Fourier paths has been used to
estimate the effect of spontaneous emission on the dynamics
of laser-cooled atoms in a pulsed electromagnetic field. For
small values of the pulse strength we have shown that heat-
ing does not occur in the absence of spontaneous emission
and that for both Doppler- and recoil-cooled atoms the dif-
fusion rate is a combination of induced and spontaneous pro-
cesses and the interaction of these processes with the deter-
ministic motion of the atom.
When the pulse strength is greater than a critical value the
model of motion of atoms in the Doppler regime shows glo-
bal chaos and exhibits deterministic diffusion even in the
absence of spontaneous emission. The effect of spontaneous
emission is to destroy coherences in the atomic momentum,
which in turn causes a decor relation in the position of the
atom. Position is regarded as a fast quasirandom variable and
destruction of coherences suppresses deviations from the
quasilinear model of diffusion. Atoms cooled to the recoil
limit exhibit diffusion on time scales short compared to the
inverse of the Planck parameter. For times longer than the
quantum break time deterministic diffusion ceases. When
spontaneous emission is included we observe another
quantum-mechanical regime of diffusion. This diffusion con-
stant has been calculated using perturbation theory.
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